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Abstract
We report an observation of phononic Schwinger angular momenta, which fully represent two-
mode states in a micromechanical resonator. This observation is based on simultaneous optical
detection of the mechanical response at the sum and difference frequency of the two mechani-
cal modes. A post-selection process for the measured signals allows us to extract a component
of phononic Schwinger angular momenta. It also enables us to conditionally prepare two-mode
squeezed (correlated) states from a randomly excited (uncorrelated) state. The phononic Schwinger
angular momenta could be extended to high-dimensional symmetry (e.g. SU(N) group) for studying
multipartite correlations in non-equilibrium dynamics with macroscopic objects.
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In the theory of quantum angular momentum generalized by Julian Schwinger [1], the
angular momentum constructed from two bosonic modes is classified into two groups, SU(2)
and SU(1,1). Such Schwinger angular momenta fully represent two-mode states in the system
in terms of energy, coherence, and correlations, and allow us to perform state tomography
[2, 3], interferometry [4], and test of quantumness [5]. State tomography with angular
momentum in the SU(2) group (i.e., Stokes parameters [6]) has been widely demonstrated
to identify coherence between various two-mode optical systems [7, 8, 9] in both classical
and quantum regime. Interferometry with the angular momenta in the SU(1,1) group has a
great potential to enable phase measurements at the Heisenberg limit [10]. Such Schwinger
angualr momenta have been well-engineered mainly in optical (photonic) systems but have
never been explicitly observed in mechanical (phononic) systems.
A high-Q micromechanical resonator contains multiple non-degenerated mechanical
modes and easily shows nonlinearlity induced by opto-mechanical or electro-mechanical
interaction [11, 12, 13, 14, 15, 16, 17]. The combination of such nonlinearity with the mul-
tiplicity in the mechanical modes opens the door to the observation of phononic Schwinger
angular momentum in a mechanical system. In this Letter, we demonstrate optical prob-
ing of Schwinger angular momenta in a high-Q micromechanical resonator. The phononic
Schwinger angular momenta in the SU(2) and SU(1,1) groups are revealed by probing nonlin-
ear signals via Doppler interferometry and performing a post-selection process. They enable
us to conditionally extract two-mode squeezed (correlated) states from a randomly excited
(uncorrelated) state because these angular momenta are the function of cross-correlation.
The phononic Schwinger angular momenta in the SU(2) and SU(1,1) groups are rep-
resented by vectors S = (Sx, Sy, Sz) and K = (Kx, Ky, Kz) in a sphere and a hyper-
boloid, respectively [Fig. 1(a) and (b)]. The vertical axis of the sphere is given by Sz =
(x22 + y
2
2 − x21 − y21)/4 and that of the hyperboloid is given by Kz = (x22 + y22 + x21 + y21)/4,
where xi and yi are the linear quadrature of ith mechanical modes. The z component of
the Schwinger angular momentum corresponds to the energy difference between the two me-
chanical modes for the SU(2) group and the energy sum for the SU(1,1) group. On the other
hand, the x and y components, Sx, Sy and Kx, Ky, include information about the cross-
correlation of the two mechanical modes, where Sx = (x2y1−y2x1)/2, Sy = −(x2x1+y1y2)/2,
Kx = (x2y1+x1y2)/2, and Ky = (x2x1− y2y1)/2. Each component of angular momenta sat-
isfies a Lie algebra, e.g., {Si, Sj} = Sk only if i, j, k are cyclic with x, y, z with the Poisson
bracket {·} (see supplemental information). These angular momenta represent rotational
2
trajectories in their joint phase space. The rotational trajectory in the SU(2) group is speci-
fied with a real angle and that in the SU(1,1) group is specified with an imaginary angle (i.e.,
hyperbolic trajectory). For instance, the phononic Schwinger angular momentum along the
x-direction, i.e., S = (Sx, 0, 0) (K = (Kx, 0, 0)), represents the rotational trajectory with a
real angle φ (an imaginary angle iφ) in a joint phase space spanned by x1 and x2.
Non-degenerated modes in a micromechanical resonator crucially contain randomness at
finite temperature because they are independently actuated by random forces. They lead a
random trajectory in their joint phase space, i.e., the phononic Schwinger angular momenta
also show a random distribution. The average value of their transverse components becomes
zero because of their isotropic distribution. In other words, we can achieve the two-mode
mechanical states with the non-zero average of phononic Schwinger angular momenta by
directly probing these components and conditionally extracting part of the distribution. To
demonstrate these operations, we perform the following two steps.
The first step is to directly probe the nonlinear optical signals generated via higher-order
modulation in a Doppler interferometer. These nonlinear optical signals at the sum and
difference frequency of two mechanical modes correspond to the response from the trans-
verse components of the phononic Schwinger angular momenta in the SU(2) and SU(1,1)
groups, respectively (see supplemental information). A Doppler interferometer was used to
simultaneously probe the first-order vibrational mode (Ω1 = 2π × 0.52 MHz) and third-
order vibrational mode (Ω2 = 2π × 1.75 MHz) in a high-tensile silicon-nitride mechanical
resonator (150-µm long, 5-µm wide, and 525-nm thick) [Fig. 1(c)]. The high quality factors
(∼ 30, 000) in our resonator enhance the measurement sensitivity of the sum and difference
frequency signals because the power spectral density of them is proportional to
√
n1n2Q,
where ni is the number of phonons in the ith mode and Q is the quality factor (see supple-
mental information). To overcome the measurement noise (∼ 1.4 pm/√Hz) in our setup,
the mechanical modes were additionally excited to increase n1 and n2 via a PZT sheet with
artificial white noise. Around the effective temperature Teff > 10
6 K, we observed the noise
spectra of sum and difference frequency signals with a spectrum analyzer (the vertical unit is
calibrated with thermal motion at room temperature without excitation [18])[Fig. 1(d)]. A
random trajectory in the joint phase space was obtained by monitoring the linear quadrature
with two lock-in amplifiers with Ω1 and Ω2 frequency references [Fig. 1(e)].
The second step involves post-selecting the non-zero average in the transverse components
of phononic Schwinger angular momenta. This conditional measurement was performed in
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quadrature of nonlinear signals from two additional lock-in amplifiers with Ω2 − Ω1 and
Ω2+Ω1 frequency references. This quadrature contains the response from the two orthogonal
transverse components of phononic Schwinger angular momenta (e.g., Sx and Sy). The 10
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temporal data sets for all signals from the four lock-in amplifiers were recorded within a
total of 400 msec. To extract the statistical ensemble which shows the non-zero average
of the transverse components, we imposed a condition Oj/max[Oj] ≥ η for a quadrature
(i.e., Oj=Sx, Sy, Kx and Ky), where η is a trigger level [Fig. 2(a)]. Although increasing
η allows us to extract a large average value of Oj, the number of events which satisfy the
condition decreases. We evaluate success probability ps defined by the number of events
satisfying the condition divided by the total number of events [Fig. 2(b)]. When η = 0,
only the positive value of the angular momentum is extracted from the random motion,
and the average value is trivially non-zero, where ps = 0.5. Increasing η decreases the
success probability because a large amount of the angular momentum only slightly appears
in the random motion. The trajectory in the conditional measurement was determined by
extracting linear quadratures xi and yi only when Oj satisfies the condition. To display
the rotational trajectories with respect to the phononic Schwinger angular momenta, the
reference frequencies for the lock-in amplifiers were set with a finite detuning so that the
detuning δi of the ith mode satisfies δ1 ≈ δ2 (see supplemental information). The conditional
measurement with the finite detuning results in discontinuous rotational motion with a real
and imaginary angle [conceptually depicted in Fig.1(a) and (b)] with Sx and Kx, respectively
[Fig. 2(c) and 2(d)], whereas a random trajectory was observed without any conditioning
[Fig. 1(e)]. This verifies that our conditional measurement allows us to extract the non-
zero average of phononic Schwinger angular momenta. For the other components, Sy and
Ky, we achieved similar results in the phase space spanned by x1 and y2 (see supplemental
information).
The transverse components of phononic Schwinger angular momenta also represent a
correlation between the two linear quadratures. For instance, the average of Sx and Kx
contains the correlation function of x1 and y2 (also x2 and y1). This implies that the con-
ditional measurement allows us to extract a correlated two-mode state in the randomly
actuated mechanical resonator. Here, we evaluate the two-mode correlation in the extracted
ensemble with a correlation coefficient matrix. Each element is defined by the correla-
tion factor Cij = Cov[ui, uj]/(σ(ui)σ(uj)) (ui = {xi, yi}), where Cov[x, y] denotes the co-
variance between x and y, and σi(x) denotes the standard deviation of x. For instance,
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only self-correlation represented in the diagonal elements appears in the matrix without
any conditioning. On the other hand, cross correlation represented in the off-diagonal el-
ements appears with the condition in the phononic Schwinger angular momentum in the
SU(2) group [Fig. 3(a)]. Note that the negative average was extracted with the condition
Oj/max[Oj ] ≤ −η with a positive η. There totally exist eight types of correlation includ-
ing the combination of the linear quadrature and the sign of the correlation (four residual
correlations were obtained in angular momentum in the SU(1,1) group [see supplemental
information]). Moreover, such correlated states show the reduction and amplification of the
noise deviation along 45-degree and -45-degree axes in the phase space [Fig. 3(b)]. Increas-
ing η decreases the squeezing level defined by the ratio of the standard deviation between the
extracted ensemble and the ensemble without any conditioning [Fig. 3(c)]. The lower limit
of the squeezing level reached -3 dB as the two-mode squeezing via parametric nonlinearity
does [16, 17]. This means that the conditional measurement of a transverse component sup-
presses half of the two-mode noise in the phase space. Because the random dynamics of the
mechanical modes is determined by a finite time constant, the two-mode squeezed state can
survive in the conditional window with a finite time duration τw ≡ tout− tin, where tin (tout)
is the time when the Schwinger angular momenta enters (leaves) the conditioned window
[Fig. 3(d)]. The average of the time duration 〈τw〉 tells us how fast we should perform the
operation by leveraging the squeezed states. Apparently, it exponentially decreases with
increasing η [Fig. 3(e)] [19].
Further suppressing the deviation of the Schwinger angular momentum can improve the
level of two-mode squeezing. We imposed the second condition, −ǫ ≤ O˜j/max[O˜j] ≤ ǫ,
where O˜j is the residual component of the SU(2) [or SU(1,1)] angular momentum, and ǫ
is the positive parameter that determines the window for decreasing the appearance of the
residual component. Here, we show the case where Oj = Sx and O˜j = Sy. The squeezing
level of the extracted states is improved to over -3 dB with decreasing ǫ [Fig. 4(a)]. There
exists a trade-off between the squeezing level and the average of the survival-time duration
〈τw〉 with decreasing ǫ as well as η [Fig. 4(b)]. Note that the squeezing level is saturated as
it approaches -6 dB because the deviation along Sz still exists, and it cannot be accessed in
our scheme. Such a double-conditioning scheme can be readily extended to an arbitrary set
of the two conditions for both the Schwinger angular momenta in the SU(2) and SU(1,1)
groups. Although the other conditions enable us to extract the various ensembles, the
squeezing level does not exceed -3 dB (see supplemental information).
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In conclusion, we observed phononic Schwinger angular momenta in SU(2) and SU(1,1)
groups between two mechanical modes by detecting nonlinear optical signals and performing
a conditional measurement. This conditional measurement also enables us to extract two-
mode correlated (squeezed) states. The concept of Schwinger angular momenta is available
for representing not only two-body system but also many-body ones with a higher-order
symmetry (e.g., that in the SU(N) group [20]). Such high-dimensional angular momenta
can be probed with state-of-the-art cavity nonlinear optomechanical systems [11, 12, 13]
integrated with multimode mechanical structures [21, 22]. They open the way to the study
of multipartite correlations in non-equilibrium many-body systems affected by various kind
of heat baths [23, 24]. Furthermore, as in the scheme of continuous quantum measurement
in a mechanical oscillator [25, 26], probing the phononic Schwinger angular momenta in
a few-phonon regime could be an interesting challenge for the study of non-equilibrium
thermodynamics with macroscopic quantum objects.
We thank Kensaku Chida, Yuichiro Matsuzaki, Tatsuro Hiraki, and Samer Houri for
fruitful discussions. This work was partly supported by a MEXT Grant-in-Aid for Scientific
Research on Innovative Areas (Grants No. JP15H05869).
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FIG. 1. (a) and (b) Illustrations of spherical and pseudo-spherical (hyperboloid) space with vectors
S andK of angular momentum in SU(2) and SU(1,1) groups. The typical rotational trajectories in
the joint phase space with S = (Sx, 0, 0) andK = (Kx, 0, 0) are described with a real and imaginary
angle, φ and iφ, in their insets. (c) Schematic of the experimental setup at room temperature.
A doubly-clamped mechanical beam was fabricated from a high tensile (0.2 GPa) silicon-nitride
film deposited by thermal chemical vapor deposition (see SEM image). A probe light from He-
Ne laser with a wavelength of 633 nm was modulated by an acousto-optic modulator (80 MHz)
and detected by an optical heterodyne setup. The detected signals were divided by two: one was
connected to a spectrum analyzer to directly measure the power spectral density, the other one
was connected to four lock-in amplifiers. Both the linear quadrature and transverse components of
phononic Schwinger angular momenta in the SU(2) and SU(1,1) groups were detected by the lock-in
amplifiers with phase-synchronized references. Each quadrature was used to perform a conditional
measurement. (d) Power spectral density (PSD) of the first-order, third-order, difference frequency,
and sum frequency signals measured in the spectrum analyzer. The vertical unit was calibrated
to the displacement (pm/
√
Hz) using the thermal motion of the first mechanical mode without
random excitation. (e) Random trajectory (black vector) and distribution (black points) in the
joint phase space spanned by x1 and x2.
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FIG. 2. (a) Conceptual illustration of conditional measurement with the input of the linear quadra-
ture of mechanical modes and transverse components of phononic Schwinger angular momenta.
Two typical conditions with positive and negative η are depicted. (b) Success probability with
respect to η for Sx (the red circles) and Kx (the blue diamonds). The error-bar shows the standard
deviation for ten trials with the same condition. (c) and (d) Extracted trajectory (vectors) and
distributions (points) with η = 0.3 for Sx and Kx, respectively. The discontinuous trajectories are
described while the Schwinger angular momenta satisfy the condition.
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FIG. 3. (a) Correlation coefficient matrices with conditional measurements when Oj = {Sx, Sy}
and |η| = 0.2 in Schwinger angular momentum in SU(2) group. The absolute value and sign of
the correlation coefficient are described by the color maps. (b) Density histogram of the extracted
two-mode squeezed state in the joint phase space spanned by x1 and y2 with η = 0.2 for Sx. (c)
Squeezing level with different η. The red, orange, green and blue plots show the noise reduction
ratio along diagonal axes x1− y2, y1+x2, y1−x2, and y1+x2, respectively. The black dashed line
corresponds to the squeezing level of -3 dB. (d) Schematic image of the survival-time duration. The
red vectors describe the random motion projected to the space spanned by Sx and Sy. (e) Average
of the survival time duration with respect to η. The numerical results show the good agreement
with the experimental time duration. The purple and black plots corresponds to the experimental
and numerical results. All error-bars were calculated as the standard deviation for ten trials.
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FIG. 4. (a) Squeezing level with respect to η and three different ǫ with Oj = Sx and O˜j = Sy. The
red plots show the level with the single conditional measurement, and the blue and green plots
show the case with ǫ = 0.2 and ǫ = 0.1. The blue-shaded area corresponds to the level over -3 B
that is never obtained in the single conditioning. (b) Average of the survival-time duration (blue
plots) and squeezing level (red plots) with η = 0.2 and different ǫ. All error-bars were calculated
as the standard deviation for ten trials.
10
Supplemental Information: Optically probing Schwinger
angular momenta in a micromechanical resonator
SCHWINGER ANGULAR MOMENTA BETWEEN TWO BOSONIC MODES
The components of Schwinger angular momenta Si in SU(2) andKi in SU(1,1) (i = x, y, z)
are defined as quadratic forms of linear phase quadratures xj and yj (j = 1, 2) as follows:
Sx =(x2y1 − y2x1)/2, (S1)
Sy =− (x2x1 + y1y2)/2, (S2)
Sz =(x
2
2 + y
2
2 − x21 − y21)/4, (S3)
Kx =(x2y1 + x1y2)/2, (S4)
Ky =(x2x1 − y2y1)/2, (S5)
Kz =(x
2
2 + y
2
2 + x
2
1 + y
2
1)/4, (S6)
Because xi and yi are canonical conjugate with each other, the algebra among the angular
momenta can be examined by taking account of the Poisson bracket {A,B} ≡∑2i=1 ∂A∂xi ∂B∂yi −
∂A
∂yi
∂B
∂xi
. For Sx and Sy, we obtain the following cyclic algebra
{Sx, Sy} = Sz , {Sy, Sz} = Sx , {Sz, Sx} = Sy, (S7)
{Kx, Ky} = −Kz , {Ky, Kz} = Kx , {Kz, Kx} = Ky. (S8)
The z components of SU(2) [SU(1,1)] angular momentum commute with the transverse
components of SU(1,1) [SU(2)] angular momentum as
{Sx, Kz} = {Sy, Kz} = {Kx, Sz} = {Ky, Sz} = 0. (S9)
Moreover, the combination of Si and Kj (i, j = x, y) is no longer closed in the algebra of
angular momentum, such that
{Sx, Kx} =(x1y1 − x2y2)/2 (S10)
{Sx, Ky} =− (x21 − y21 − x22 + y22)/4 (S11)
{Sy, Kx} =− (x21 − y21 + x22 − y22)/4. (S12)
{Sy, Ky} =− (x1y1 + x2y2)/2 (S13)
(S14)
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The observables in the right-hand-side are achieved in the second harmonics of mechani-
cal modes from the measurement nonlinearity (experimentally observed in [12]). All ob-
servables including the second harmonics and the Schwinger angular momenta constructs
sp(4)-algebra, as discussed in [27]. Note that the quantization of these angular momenta
immediately derives the commutation relationship including the Planck constant with the
same algebra.
PHONONIC SCHWINGER ANGULAR MOMENTA IN DOPPLER EFFECT
The Doppler effect causes the frequency modulation of light with respect to the velocity of
vibrational objects. Here, we consider that the light simultaneously probes two mechanical
vibrations with different angular frequencies, Ω1 and Ω2, at finite temperature. In our
heterodyne setup, the probe light a(t) is given by
a(t) =
√
PeiΩAOMt exp [i(β1v1(t) + β2v2(t))] + c.c. (S15)
where P is the probe power, ΩAOM is the angular frequency shifted by the acousto-optic
modulator, and βi and vi are the modulation index and the vibrational velocity of ith
mechanical mode. The velocity driven by random force is represented by vi(t) = xi cosΩit+
yi sin Ωit, where Ωi is the angular frequency, xi(t) and yi(t) are orthogonal linear quadratures.
Using Jacobi-Anger expansion, we obtain
a(t) =
√
PeiΩAOMt
∑
k
∑
l
∑
m
∑
n
i(k+l)Jk (β1x1)Jl (β2x2)
Jm (β1y1) Jn (β2y2) e
i((k+m)Ω1+(l+n)Ω2)t + c.c., (S16)
where Jm(x) is the mth order Bessel function of the first kind. This can be expanded in
terms of optical sideband frequencies (including the difference frequency ΩD ≡ Ω2−Ω1 and
sum frequency ΩS ≡ Ω2 + Ω1) as follows:
a(t) =
√
P
[
a0(t) + aΩAOM±Ω1(t) + aΩAOM±Ω2(t)
+ aΩAOM±ΩD(t) + aΩAOM±ΩS(t) + . . .
]
(S17)
2
where each term is given by
aΩAOM±Ωi(t) =βixi(t) sin [(ΩAOM ± Ωi)t]
± βiyi(t) cos [(ΩAOM ± Ωi)t] (S18)
aΩAOM±ΩD(t) =± β1β2Sx(t) sin [(ΩAOM ± ΩD)t]
+ β1β2Sy(t) cos [(ΩAOM ± ΩD)t] (S19)
aΩAOM±ΩS(t) =∓ β1β2Kx(t) sin [(ΩAOM ± ΩS)t]
− β1β2Ky(t) cos [(ΩAOM ± ΩS)t] . (S20)
Here, we assume that βixi ≪ 1 and βiyi ≪ 1 for approximating the Bessel function as
Jq(z) ≈ (z/2)q/q!. Obviously, the difference (sum) frequency signal contains the transverse
components of phononic Schwinger angular momentum in the SU(2) [SU(1,1)] group.
SIGNAL LEVEL FOR PHONONIC SCHWINGER ANGULAR MOMENTA
To discuss the signal level of phononic Schwinger angular momenta, we introduce the
power spectral density, which is defined by the Fourier transform of the statistical average,
〈z(t)z(0)〉, of thermal noise at the mechanical frequency:
Svi(Ωi) =
√
2kBT
miΓi
= 2
√
niQiΩix
zp
i (i = 1, 2) (S21)
with a unit of (m/s)/
√
Hz where kB is the Boltzmann factor, T is the temperature, and mi,
Γi, ni, Qi, and x
zp
i are the effective mass, linewidth, number of thermal phonons, quality
factor, and zero-point fluctuation of mechanical displacement of the ith mechanical mode,
respectively. In the same manner, the sensitivity of Oj = {Sx, Sy, Kx, Ky} is represented by
SOj(Ωi) =
√
2(kBT )2
m1m2Ω21Ω
2
2(Γ1 + Γ2)
= 2
√
2
√
n1n2Q1Q2Ω21Ω
2
2
Ω1Q2 + Ω2Q1
xzp1 x
zp
2 (i = D,S) (S22)
with a unit of (m/s)2/
√
Hz. Here, we assume that 〈xi(t)xi(0)yi(t)yi(0)〉 = 〈xi(t)xi(0)〉〈yi(t)yi(0)〉.
Because the modulation index in the Doppler effect is represented by βi = 2π/(λLΩi), where
λL is the wavelength of the probe light, the power spectral densities of measured photocur-
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TABLE I. Parameters for power spectral density
Symbol Value Unit
Ω1 2π × 0.52 MHz
Ω2 2π × 1.74 MHz
xZP1 5.6 fm
xZP2 2.9 fm
Q1, Q2 3.0× 104
λL 632.8 nm
rent for linear and nonlinear terms are given by
IL(Ωi) =4πξDx
zp
i
√
PPLniQi
Ωiλ2L
(i = 1, 2) (S23)
INL(Ωi) =8
√
2π2ξDx
zp
1 x
zp
2
√
PPLn1n2Q1Q2
(Ω1Q2 + Ω2Q1)λ4L
(i = D,S) (S24)
where PL is the power of the local oscillator, ξD is the factor of opto-electric conversion in
the photodetector. To discuss the signal-to-noise ratio for nonlinear signals, the nonlinear
power spectral density S˜Oj (Ωi) converted as the unit of (m/s)/
√
Hz is defined by
S˜Oj (Ωi) ≡
INL(Ωi)
IL(Ω1)
S1(Ω1). (S25)
In our experiment, the noise floor level in the Doppler interferometer was estimated to
1.4 pm/
√
Hz. This value was calibrated by a thermal noise spectrum at room tempera-
ture in the first mechanical mode. The nonlinear signals were obtained when the effective
temperature Teff ≡ n1~Ω1/(kBT ) ∼ 106 with the artificial noise amplitude Vnoise ∼ 2 V.
The experimental power spectral density shows good agreement with the theoretical value
[Fig. S1(a)] calculated with the parameters in Table I. Mechanical resonators with a high
Q factor and small effective mass enable us to observe the Schwinger angular momenta at
room temperature without any artificial noise [Fig. S1(b)]. For instance, mechanical res-
onators with two-dimensional materials [28, 29] and nanowire mechanical resonators [30, 31]
have extremely small effective mass, and silicon-nitride resonators with a phononic shield
[32, 33] show Q > 106. They will be good candidates for observing and engineering phononic
Schwinger angular momenta.
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FIG. S1. (a) Power spectral density of the first mechanical modes (red circle) and the sum and
difference frequency signals (blue circle: sum frequency signal, and blue square: difference frequency
signal). The red and blue lines show the theoretically calculated values with the parameters in
Table I. The effective temperature Teff is calibrated with the first mechanical modes. The yellow-
shaded area corresponds to Vnoise = 2 V, at which we performed all experiments shown in the
main text. The black dashed line shows the noise floor level in the Doppler interferometer. (b)
Density color plots of the converted nonlinear power spectral density as a function of mechanical
Q factor and effective mass at room temperature (300 K). The white point is the parameter in our
experiment.
ROTATIONAL TRAJECTORY WITH A FINITE DETUNING
The dynamics of two-mode mechanical system in a rotational reference frame is rep-
resented by the Hamiltonian H = ∑i δi(x2i + y2i )/2, where δi is a detuning between the
frequency of the reference frame and resonance of the ith mode. By taking into account the
random mechanical force, the linear quadratures follow the Langevin equations
x˙i =− γi
2
xi +
δi
2
yi +
√
γixth,i (S26)
y˙i =− γi
2
yi − δi
2
xi +
√
γiyth,i (S27)
(S28)
where γi is the damping factor and ξth,i (ξ = x, y) is the random fluctuation with 〈ξth,i(t)ξth,i(t′)〉 =
4kBTeffδ(t− t′).
Rotational trajectory in the joint phase space is specified by an angular momentum de-
fined by the vector product of coordinates and their velocity fields (momentum). To discuss
the detuning dependence of the rotational trajectory, here we define statistical averages of
rotational angular momenta S ≡ 〈x˙2x1− x˙1x2〉η and K ≡ 〈x˙2x1+ x˙1x2〉η, where 〈·〉η denotes
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the ensemble average with the conditional measurement with η. S quantifies the rotational
trajectory with a real angle, and K does so with a imaginary angle. By considering the condi-
tional measurement with Sx and Kx (i.e. 〈Sy〉η = 〈Ky〉η = 0) and substituting the Langevin
equations into the definition of the rotational angular momenta, we obtain relationships
S = −δ2 + δ1
2
〈Sx〉η + δ2 − δ1
2
〈Kx〉η, (S29)
K = δ2 + δ1
2
〈Kx〉η − δ2 − δ1
2
〈Sx〉. (S30)
A finite detuning crucially determines the rotational trajectory with respect to the condi-
tional average of Schwinger angular momenta. In the case where δ = δ1 = δ2, the rotational
trajectory with a real (imaginary) angle is determined by the phononic Schwinger angular
momentum in the SU(2) [SU(1,1)] group. This corresponds to the fact that the phonoinc
Schwinger angular momentum in the SU(2) [SU(1,1)] group is a generator of rotation with a
real (imaginary) angle. S and K obtained in numerical simulation of the Langevin equation
with γ = γ1 = γ2 shows good agreements with their dependence proportional to δ/γ (see
Fig. S2). On the other hand, in the case where δ = δ1 = −δ2, there exists the opposite
relationships, S ∝ Kx and K ∝ Sx. This reference frame effectively makes a partial time-
reversal operation which reverses the time evolution only in the second mechanical mode
(i.e., y2 → −y2). Because this operation swaps the function of Kx and Sx, the rotational
trajectory with a real (imaginary) angle is extracted via the conditional measurement of Kx
(Sx).
CONDITIONAL MEASUREMENT WITH THE OTHER COMPONENTS OF
ANGULAR MOMENTA
Here, we show the results of the conditional measurement of Sy andKx, which corresponds
to the real and imaginary rotation in the phase space spanned by x1 and y2 [Fig. S1(a) and
(b)]. Moreover, the correlation coefficient matrix in the conditional measurement of SU(1,1)
Schwinger angular momenta also contains the non-diagonal elements as the case of angular
momenta in the SU(2) group do [Fig. S1(c)].
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FIG. S2. (a) and (b) Rotational angular momenta S and K calculated with results of numerical
simulation of Langevin equations with δ = δ1 = δ2. The square plots show rotational angular
momentum with η = 0.3 in the condition Oj/max[Oj ] ≥ η, and the circle plots show that with
η = −0.3 in the condition Oj/max[Oj ] ≤ η where Oj = {Sx,Kx}. The error-bars represent the
standard deviation for ten trials. All numerical results fitted to linear functions (shown by the
dashed lines) show good agreement with the analytical expressions (S29) and (S30).
CONDITIONAL MEASUREMENT WITH THE OTHER DOUBLE CONDI-
TIONS
By fixing the first condition Sx/max[Sx] ≤ 0.2, the squeezed conditional distribution with
respect to the angular momenta for the second conditions, Sy, Kx, andKy are compared with
ǫ = 0.1 [Fig. S2(a)-(c)]. Obviously, the multi-modal non-Gaussian distribution appears by
conditioning the angular momenta in the SU(1,1) group while the first condition is selected
from the angular momentum in the SU(2) group (Sx). The squeezed levels along the x1−y2
axis are −4.5± 0.4, −3.0± 0.4, and −3.0± 0.3 dB in the second condition with Sy, Kx, and
Ky, respectively. Note that the rotational trajectory in the phase space spanned by x1 and
x2 also shows the multi-modal distribution in the case of Kx and Ky [Fig. S2(d)-(f)].
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FIG. S3. (a) and (b) Extracted trajectory (vectors) and distributions (points) with η = 0.3 for
Sy and Ky, respectively. The discontinuous trajectories are described while the Schwinger angular
momenta satisfy the condition. (c) Correlation coefficient matrix with conditional measurement
when Oj = {Kx,Ky} and |η| = 0.2 in SU(1,1) Schwinger angular momentum. The value including
the sign of the correlation coefficient is described by the color maps.
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FIG. S4. (a), (b), and (c) Density histograms of the extracted two-mode thermal squeezed state
with the double conditioning in Sy, Kx, and Ky. (d), (e), and (f) Conditioned distributions and
trajectories extracted by the second conditions in Sy, Kx and Ky, respectively. The trajectories
(vector) are described while the Schwinger angular momenta satisfy each condition.
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